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Abstract 



We give new estimates on the lower bounds for the first closed or 
Neumann eigenvalue for a compact manifold with positive Ricci curva- 
ture in terms of the diameter and the lower bound of Ricci curvature. 
The results improve the previous estimates. 



For an n-dimensional closed Riemannian manifold whose Ricci curvature has 



(N 
> 
^O ! 1 Introduction 

0\ 

(N 

^D 

a positive lower bound (n — 1)K for some constant K > 0, A. Lichnerowicz 

gave a lower bound of the first eigenvalue A of the Laplacian 

^ ■ (1) A > nK. 

^— > ■ 

Under the same curvature assumption, Escobar [2] proved that if the com- 
pact manifold has a weakly convex boundary, the the first non-zero Neumann 
eigenvalue of M has the above lower bound (Q) as well. 
^% ' The above Lichnerowicz- type lower bound (0) gives no information when 

the above constant K vanishes. In such case, Li-Yau [H] and Zhong-Yang |15| 
provided another lower bound for the first non-zero eigenvalue of a closed 
manifold 

(2) A > J 

It is an interesting problem to find a unified lower bound of the first 
closed or Neumann eigenvalue A in terms of the lower bound (n — \)K of 
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the Ricci curvature and the diameter d so that the lower bound of the the 
first non-zero eigenvalue does not vanish as K vanishes. P. Li conjectured a 
unified bound of the first non-zero eigenvalue should be 7r 2 /d 2 + (n — 1)K. 
There has been some work along this line, say |13j by D. Yang, and |llj by 
the author that improved Yang's estimate for the first Dirichlet eigenvalue 
in |13| . D. Yang ^3] a l so gi ve an estimate on the lower bound of closed or 
Neumann eigenvalue 

(3) \>^ + \{n-l)K. 

In this paper, we give some new estimates on the lower bound and improve 
the above bound. Our main result is the following theorem. 

Theorem 1. If M is an n- dimensional, compact Riemannian manifold that 
has an empty or none-empty boundary whose second fundamental form is 
nonnegative with respect to the outward normal (i.e., weakly convex). Sup- 
pose that Ricci curvature Ric(M) has a lower bound (n — 1)K for some 
constant K > 0, that is 

(4) Ric(M) > (n - l)K > 0. 

Then the first non-zero (closed or Neumann, which applies) eigenvalue A of 
the Lalacian A on M has the following lower bound 

vr 2 3 
\>-p+-z(n-l)K forn = 2 

and 

it 2 31 

A>-rH (n-l)K /orn>3, 

~ d 2 10(T ' J 

where where d is the diameter of M. 

This estimate sharpens Yang's bound ©• It is a generalization of Li- 
Yau [H] and Zhong-Yang ^S]'s result © for a closed manifold and it is 
better than Lichnerowicz's bound Q if the manifold is non-symmetric and 
has small diameter with respect to the positive lower bound of the Ricci 
curvature. 

In order to improve the known results, we need to construct suitable 
test functions where detailed technical work is essential. In Section 0] wc 
construct the test function £. We explore the properties of the function £, 
the Zhong-Yang function ij, and the ratio function £/r/. Those properties 
are essential to the construction of the suitable test functions. Because 



those functions are complicated combinations of trigonometric and rational 
functions, the needed properties such as monotonic and convex properties 
are hard to prove. In the past, though we know that many nice properties 
might be true, only a few of them could be proven strictly in mathematics by 
the canonical calculus method and therefore be used in strict mathematics 
proof. We are able to prove those properties effectively now by studying 
the differential equations those functions satisfied and using the Maximum 
Principle. Since the constructions and proofs in that part are quite technical 
by nature, we put them in the last section. Readers may refer to that section 
when in need. We derive several preliminary estimates in the next section 
and prove our result in Section 03 

2 Preliminary Estimates 

The first preliminary estimate is due to Lichnerowicz and Escobar. For the 
completeness and consistency, we use gradient estimate in [2] -(01 and |T2] to 
derive the two estimates. 

Lemma 1. Let A be the first non-zero (closed or Neumann, which applies) 
eigenvalue under the conditions in Theorem^ Then 0j holds. 

Proof. Let u be a normalized eigenfunction of the first non-zero (closed or 
Neumann, which applies) eigenvalue A such that 

supu = 1, inf u = —k, and < k < 1, 

M M 

and define a function v by 

(5) v = [u-(l-k)/2]/[(l + k)/2}. 
Then 

(6) max-u = 1 and mint; = —1. 
The function v satisfies the following equation 

(7) Av = -X(v + a) in M, 
where 

(8) a=(l-A;)/(l + fc). 



Note that < a < 1. If M has non-empty boundary dM, then v satisfies 
Neumann condition on the boundary, 

dv 
(9) 7- = on dM, 

dv 

where v is the the outward normal of dM. 

Take an local orthonormal frame {e\, . . . , e n } about xq £ M. At xq 



V e] (\Vv\ 2 )(xo) = Y, 2 ViVi 



i=l 
and 

n n 

A(|V-y| 2 )(x ) = 2 ^2 v ij v ij + 2 ^2 ViVi ^ 

n n n 

= 2 ^ V ij y ij + 2 X^ ViV n l + 2 ^Z RiJ V i V J 
i,j=l i,j=l i,j=l 

n 

= 2 ^2 VijVij + 2VvV(Av) + 2Ric(Vv, Vv) 

71 

> 2^2v 2 ii + 2VvV{^v) + 2{n-l)K\Vv\ 2 

i=l 

> -(Av) 2 -2X\Vv\ 2 + 2(n-l)K\Vv\ 2 . 
n 

Thus at all point x £ M, 

(10) -A(|Vv| 2 ) > -\ 2 {v + a) 2 + [(n - \)K - \\\Vv\ 2 . 

2 n 

On the other hand, after multiplying (J7J) by v + a and integrating the both 
sides over M. When M has non-empty boundary and v satisfies Neumann 
condition @, we have 



X(v + a) dx 



M 



/ {v + a)Avdx 
Jm 



/ (v + a)— — v ds + / \Vv\ dx = |Vi>| dx. 
JdM uv Jm Jm 



That the integral on the boundary vanishes is due to Q- Integrating (|1U|) 
over M and using the above equality, we get 

1 /" d ,,_ 2 x /" / ,>n-l 



(11) - / -^-(|Vur)dx> / (nif-A) X(v + aYdx. 

We want to show that ^(|Vu| 2 ) < on dM. Take any x G dM. If 
Vv(xo) = 0, then it is done. Assume now that Vv(xq) ^ 0. Choose an 
orthonormal frame {ei, . . . , e n } about xq such that e n | xo is the unit outward 
normal vector to dM at xq. Let (hij) be the second fundamental form of 
dM with respect to the outward normal v to dM. Now at x$, 



and 



d 

^(iVvl 2 ) = e n \Vv 
dv 



n-l 



eie n v - (V 


ei e n jv 




-(V et e n )v 






n-l 






- Yl hi i v i 






i=i 






n 






>\ 2 = ^ 


!jVj n 




i=i 


n-l 




Vj^jn — ^ 


E ^i u » 


>"i 



= ^ 

j=i »J=i 

(12) < by the weak convexity of <9M. 

Putting this into (|11[). we get the Lichnerowicz-type bound Q for the first 
non-zero Neumann eigenvalue. We get the bound (J2) for the first non- 
zero closed eigenvalue by a similar argument as the above when M has no 
boundary, just noticing that there are no boundary terms in such case. □ 

Lemma 2. Let v be the same as in J3J). Then v satisfies the following 

IV7 |2 

\\/v\ 

(13) _|_i_<A(l + a), 

where a is defined in (0) and b > 1 is an arbitrary constant. 
Proof. Consider the function 

(14) P(x) = \Vv\ 2 + Av 2 , 



where v is the function in (|5|). and where -A = A(l + a) + e for small e > 0. 
Function P must achieve its maximum at some point xq E M. 
We claim that 

(15) VP(x ) = 0. 

If xq E M\dM, (|15|) is obviously true. Suppose that xq E dM. Choose 
a local orthonormal frame {ei, e2, • • • , e n } of M about xo as in the proof of 
(|12JI such that e n is the unit outward normal vector field near xq E dM and 
{ei, e2, • • • , e n -\}\QM is a local frame of 3M about xq. Note that V en ej = 
for i < n — 1 and u n (^o) = 0. 

P(xq) is the maximum implies that 

(16) p i ( Xo ) = fort<n-l 
and 

(17) P n (x ) > 0. 

Using ©-© in the following arguments, then we have that at xq, 



^ eie n v - 

i=l 

n 

i=l 


5n)^ 


e n )u 


n-1 

- Yl h v v o 







and 

n 
Pn = 2 ^J UjU Jn + 2^TO n 

i=i 

n— 1 n— 1 

= 2 2 Wn = -2 ^ htjViVj 

j=l i,j=l 

(18) < by the convexity of dM, 

where (hij) is the second fundamental form of dM with respect to the out- 
ward normal e n . 

Now flinj), CE3) and CHI) imply that P n (x ) = and VP(x ) = 0. 



Therefore lfT5|) holds, no matter xo dM or xo € dM. By (|T5|) and the 
Maximum Principle, we have 

(19) VP(i ) = and AP(x ) < 0. 

There are two cases, either Vu(xo) = or Vv(xq) ^ 0. 
If Vf (x ) = 0, then 

|Vv(x)| 2 + Av(x) 2 = P(x) < P(x ) < A. 

Let e — ► in the above inequality. Then (|13f) follows. 

If Vf(xo) ^ 0, then we rotate the local orthonormal frame about xo such 
that 

|vi(x )| = \Vv(x )\ / and Vi(x Q ) = 0, i>2. 

From ()19() we have at xq, 



1 n n 

o = -ViP = ^2 v 3 v ji + ^2 Avvi > 



*J=1 



(20) v u = -Av and vu = z > 2, 

and 

1 n 

> -AP(x ) = ^2 (vjiVji + Wjfjjj + AviVi + Avva) 

n 

= ^2 v % + VuV(Au) + Ric(Vu, Vv) + A| Vv\ 2 + ivAu 

> vl x + VvV(Av) + (n - l)K\Vv\ 2 + A|Vi) | 2 + AvAv 

= (-Av) 2 - X\Vv\ 2 + (n - l)K|Vv| 2 + ^|Vw| 2 - AAw(v + a) 

= (A - A + (n - l)K)\X7v\ 2 + ^w 2 (yl - A) - aXAv, 

where we have used (|2T)|) and @. Therefore at xo, 

(21) 0> (A-\)\Vv\ 2 + A{A-X)v 2 -aXAv 
and 

|Vt;(xo)| 2 + A(l + a)^(xo) 2 < aX ^ [A(l + a) + e] < [A(l + a) + e]. 

aA + e 

Finally let e — > 0. So we have the estimate (|13|> in the second case as 
well. D 



We proceed to improve the above bound. 
Define a function Z by 
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Z(t) = max -t. ^/A. 

x'eM,t=sin- 1 («;(x)/b) A - V z 

The estimate in (|13jl implies that 

(22) Z(t) < 1 + a on [- sin -1 (1/6), sin -1 (1/6)]. 
Throughout this paper, we denote a/b by c and set 

(23) a = -{n-l)K and J = a/A. 
By Q we have 

(24) 5< n " 1 



2ra 
We have the following conditions on the test function. 

Theorem 2. If the function z : [— sin _1 (l/6), sin -1 (1/6)] h^ R 1 satisfies 
the following 

1. z(t) > Z(t) t e [-sin -1 (1/6), sin -1 (1/6)], 

2. there exists some x$ € M such that at point to = sm~ l (v(xo)/b) 
z(t ) = Z(t ), 

3. z(t ) > 0, 

then we have the following 

< -z" (to) cos to — z'(to) costosinto — z(to) + 1 + csinto — 25 cos to 

(25) — -— — r- costo[z'(to) cos to — 2z(£o) sin to + 2 sin to + 2c]. 

4z(to) 

Corollary 1. If in addition to the above conditions 1-3 in Theorem 
z'(to) > and 1 — c < z(to) < 1 + a, then we have the following 

0<-z"(to)cos to — 2' (to) costosinto — ^(to) + 1 + csinto — 25 cos to- 



Corollary 2. If a = 0, which is defined in |3j), and if in addition to the 
above conditions 1-3 in Theorem^ z' (to) sin to > and z(to) < 1, t/ien u>e 
/jawe t/ie following 

< -2" (to) cos 2 to — ^'(to) cos to sin to — z(to) + 1 — 25 cos 2 to- 
Proof of Theorem^ Define 



J(x) 



\Vv\ 



b 2 -v 2 



Xz > cos 2 1, 



where t = sin l (v(x)/b). Then 

J(x) < for x G M and J(x ) = 0. 

If Vv(cco) = then 

= J(xq) = — Azcos 2 t. 

This contradicts the condition 3 in the theorem. Therefore 

Vv(x ) / 0. 

Now if xq £ M = M\dM then by the Maximum Principle, we have 

(26) V J(x ) = and AJ(x ) < 0. 

If xq £ dM, then the weak convexity of M, the fact that J(xq) is the 
maximum and an argument in the proof of Lemma [21 imply that J(xq) = 
and AJ(xo) < 0. Therefore (|26|) holds, no matter xq £ M = M\dM or 
xq £ dM. 

J(x) can be rewritten as 

J( x ) = To\^ v \ ~ Azcos t. 



Thus (|26j) is equivalent to 
2 



(27) 



uiY. ViV v 



A cos t[z cos t — 2z sin t]tj 



J.'0 



and 

(28) 



° ^ Ie^+Ie 



ViVi 



'■J 






A(z"|Vt| 2 + z'At)cos 2 t 
+4Az' cost sin t|Vt| 2 - AzAcos 2 t 
9 



'■!■■() 



Rotate the local normal frame about xo such that v%(xo) / and Vi(xo) = 
for i > 2. Then 1)27(1 implies 



(29) v n 

Now we have 



Xb . 
= — (z cos t — 2z sm t) 
xo 2 



and vi, 



J'o 



for i > 2. 



•I'D 



IVfl 



ivti 



Xb z cos t 



Av 
~b~ 

At 



A cos 2 t 



J-o 



■J-\) 



■)-■<) 



■CO 



Wv\ 



b 2 — v 2 



Xz 



:t'o 



Asini = cosiAi — sintlVtl 



J-0 



1 



Av, 



(sint|Vir + -— 
xo cos t b 

= [Xzsint — —(v + a)] 

cos t b 

2 



, and 



•i'o 



■CO 



v / U" \ 2 .„ ,n 2 . 

A(,.-^ = --|V,| 2 -^A, 



-2Az cos 2 £ + --tXv(v + a 
o 2 



T() 



Therefore, 



A 2 
= -y <X ) 2 cos2 * - 2A 2 zz' cos t sin t + 2A 2 z 2 sin 2 £ 



X'() 



p^' 1 



52 / , v i v W 
hi 



■I'D 



-^ CVv V(Av) + RicfVt;, Vv)) 
b z 



> ^(VvV(Av) + (n-l)K\Vv\ 2 ) 
b l 



-2A zcos £ + 4aAzcos t 



T(| 



A(V'|V£| 2 + z'At)cos z t 



Z() 



\2 II 2j \ 2 / J.-J. 

-A zz cos 1 — A zz cost sin i 



+ -A z'(v + a) cost 



'.'■0 
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and 



AXz' cos£sin£|V£| — AzAcos £ 



j;o 



0/ 000^0 

4A zz cos £ sin £ + 2A z cos £ — — A z sin £ (v + a) 



•H) 



Putting these results into (|2*8)) we get 



A 2 
> -A 2 zz" cos 2 £ H (z') 2 cos 2 £ + A 2 z'cos£ (zsin£ + c + sin£) 



■n> 



(30) + 2A 2 z 2 - 2A 2 z - 2A 2 cz sin £ + AaXz cos 2 £ 

where we used (|29jl . Now 

(31) z(£o) > 0, 

by the condition 3 in the theorem. Dividing two sides of (|30|) by 2A 2 z 

we have 

l///\ 2 1 / /• ( c + sm *o \ 
> --z (£ )cos £ + -2 (£o)cos£ I sm£ H I + z(t ) 



.r {) 



1 — c sin £q + 2(5 cos £q 



+ 



1 



Mk 



(z'(£ )) 2 cos 2 £ . 



Therefore, 

> — -z"(£o)cos £q + z'(£o) cos£q sin£o + 2(£o) — 1 — csin£o + 2<5cos £q 



+ 



z'(t ) 

4z(£ ) 



cos to [z (to) cos £q — 2z (£q ) sin £q + 2 sin £q + 2c] . 



□ 



Proof of Corollary^ By Condition 2 in the theorem, (|22jl. |sin£o| = 
K*o)/6| < 1/fc and 1 - c < z(£ ) < 1 + o. Thus for £ > 0, 

— z(to) sin£o + sin£o + c > — sin£o — asin£o + sin£o + c> a(- — sin£o) > 0, 
and for £o < 0, 

— z(to) sin£o + sin£o + c > — sin£o + csin£o + sin£o + c> c(l + sin£o) > 0. 

In any case the last term in the (|25|) is non-negative. D 

Proof of Corollary\^ The last term in the l)25|) is nonnegative. D 
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3 Proof of the Main Result 

Theorem 3. If a > and fi5 < -%a /or a constant \i G (0, 1], i/ten under 
the conditions in Theorem the first non-zero (closed or Neumann, which 
applies) eigenvalue A has the following lower bound 

2 2 

(32) X >^ + ^(n-l)K = ^ + i^a. 

Proof. Let fj, e = fi — e > for small positive constant e. Take 6 > 1 close 
to 1 such that [i € 5 < -4-c. Let 

(33) z(t) = l + cri(t)+fiM(t), 

where £ and 77 are the functions defined by IJ57JI and (|65|) . respectively. Let 
I = [-sin -1 (1/6), siu -1 (1/6)]. We claim that 

(34) Z(t) < z{t) for t £ I. 
By Lemma Eland Lemma El we have 



(35) -z"cos 2 t — z' cost sin t — z = — 1 — csint + 2// e <5cos 2 t, 

(36) z'{t) > 

a , 7T, , „ ,vr, a 

(37) < 1 - - = *(--) < z(t) < z(-) = 1 + - < 1 + a, 

where (j36j) is due to the following. 

z'(t) = cr ] '(t)+ixM / (t) = ^8v'(t)(^ + ^-) 

\fi e S rj ; (t)J 

2 
> Me< 5r/(i)(-^--^)>0. 

Let PGR 1 and t £ [-sin -1 (1/6), sin" 1 (1/6)] such that 
P = max(Z(t) - z(t)) = Z(t Q ) - z(t ). 

Thus 

(38) Z(t) < z(t) +P for t £ I and Z(t ) = z(t ) + P. 
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Suppose that P > Then z + P satisfies the inequality in Corollary ^ of 
Theorem H Then 

z(t ) + P = Z(t ) 

< -(z + P)"(to) cos 2 t - (-z + -P)'(to)cost sinto + 1 + csint - 2<5cos 2 t 

= —z"{to) cos to — z '(to) cos to sin to + 1 + c sin to — 25 cos to 

< - z" (to) cos to — z (to ) cos to sin to + 1 + c sin to — 2/u e 5 cos to 

= z(fo). 

This contradicts the assumption P > 0. Thus P < and Q34|) must hold. 
Now we have 

|Vt| 2 < Xz(t) for t e 7, 

that is 

IVtl 



(39) \/A > 



>M*) 



Let qi and 52 be two points in M such that v(qi) = —1 and v (92) = 1 and 
let L be the minimum geodesic segment between qi and qi- We integrate 
the both sides of ()39|) along L and change variable and let b — ► 1. Then 
(40) 

r, /• IVtl /"I 1 , (/-7T/2 ^J / vr 3 
VXd > / -^J=cfl = / -== (it > v .„ £— =- > — 

h yW) J-* vW) (j:i 2 /2 Z (t)dt)h \j^ /2 z{t )dt 

Square the two sides. Then 

A> 



7T 3 



d*j:i 2 /2 z(t)dt 

Now 

TV TV 

2 z(t)dt= I [1 + arj(t) + n e 5£(t)] dt = (1 - He$)ir, 

I IT J IT 

TV 

where we used the facts that J** r/(t) dt = since r\ is an even function, 
and that §\ £(t)dt = —it (by l|50")l in the LemmalSJ). Therefore 

A ^ (1 -\ e 5)d* ^ X ^ + ^ 
13 



Letting e — ► 0, we get 



vr 2 , . vr 2 



X -JT^W and A ^* +Aia ' 



D 



Theorem 4. If a = 0, i/ien under the conditions in Theorem Q t/ie ^rsi 
non-zero (closed or Neumann, which applies) eigenvalue A has the following 
lower bound 

(41) X >^+ l -{n-l)K. 

Proof. Let 

y(t) = l + 5£. 

By Lemma El for — ^ < t < 5, we have 

(42) -y" cos 2 t- y' cost sin t- y = -1 + 2(5 cos 2 1, 

(43) y'(t)sint>0, and 

(44) y(±|) = 1 and < y(t) < 1. 

We need only show that Z(t) < y(t) on [— 7r/2,7r/2]. If it is not true, then 
there is to an d a number P > such that P = Z(to)—y(to) = max Z(t)—y(t). 
Note that y(t)+P > 1 - |(^ - 1) + P > 0. So y + P satisfies the inequality 
in the Corollary [21 in Theorem [2 Therefore 

y(t ) + P = Z(t Q ) 

< -(y + P)" (t ) cos 2 1 - (y + P) / (to)cost sint + l ~ 2 <5cos 2 t 

= -y"(to)cos to — y' (to) cos to sin to + 1 — 2(5 cos to 

= y(t ). 

This contradicts the assumption P > 0. The rest of the proof is similar to 
that of Theorem |21 just noticing that 5 < ^^- < \ < 2 _ 4 . D 

Proof of Theorem^ (The Main Result). Since < a < 1, either a = or 
0<a< 1. 

If a = 0, then we apply Theorem |I] to get the bound with fj, = 1, 

A>£ + a = £ + ±(n-l)tf. 
If < a < 1, then there are several cases altogether. 

14 



(I): a>^5 



,-2 



• (II): a < \5. 

- (Il-a): a > 0.765. 

- (Il-b): < a < 0.765. 

* (II-b-1): a > 1.535. 

* (II-b-2): a < 1.535. 

For Case (I): < a < 1 and a > \5, we apply Theorem for \i = 1 to 
get the following lower bound 

7T 2 1 

3T + 5&.-1)*. 

For Case (Il-a): 0.765 < a < \8, we apply Theorem El with \i = -4rf 
since (4f ) 5 < 4« and < 4^ < 1- Then 

7T 2 4 a 7T 2 4a 
Thus 

1 7T 2 

" 1 - % d 2 ' 

71"* 

On the other hand we have Lichnerowicz-type lower bound l)24jl . 

2n 

A > a. 

n — 1 

The above two estimates give 

7T 2 4a 2ra vr 2 8(0.765)n 

A - 12 + ~2 7 a - U + ~2? 7T a 

or 7r z n — 1 d z TT z (n — 1) 

vr 2 0.62n vr 2 31 

> ^ + — a> lP + 5-V a 

d 2 100 v ; 

The theorem is proved in this case. 

For Case (II-b-1): < a < 0.765, a < ^-5 and a > 1.535, we apply 
Theorem with with \i = 4r§ since (4j§ ) <5 < 4ra and < ^f < 1. Then 

, vr 2 4 a vr 2 4 153 
X -^ + ^~5 a -^ + ^W0 a 

15 



7T 2 31 

= ^ + — (n-l)K, 

d 2 100 v ; ' 

which is what we want to prove. 

2 

For the remaining Case (II-b-2): < a < 0.765, a < ^5 and a < 1.535, 
we define a function z by 

z(t) = 1 + cr/(t) + (5 - crc 2 )£(t) on [- sin -1 -, sin -1 -], 
where 

( 45 ) CT = ^ ; ; rxr^i — — > ° 

V37T 4 I 



(\ 3 _ zd _ /ZEE _ l\153i200 
\^2 8 V32 6 J 100 J 153 



ITIM c 



M+(i2-- 2 )i§ 
and 

Let I = [-sin -1 i, sin" 1 |]. 
We now show that 

(47) Z(t) < z(t) on I. 

If Q47|) is not true, then there exists a constant P > and to such that 

, _ Z(t ) - z(t ) Z(t) - z(t) 

rC — — — IIlcLX 777T • 

-((to) tet-sin-il.sin- 1 !] -eW 

Let io(t) = z(t) - Pc 2 ((t) = 1 + C7?(t) + m£{t), where m = 5 - ac 2 - Pc 2 . 
Then 

Z(t) < w(t) on 7 and Z(to) = w(to). 

By LemmaOl w(to) > 0. Sow satisfies Q25fl in Theorem^ 
2 2, w'(i ) ^ /^8c 



< — 2(<t + P)c cos to 7 — r cos to — cos t + Amt cos t . 

4u>(to) V 7T / 

We used (|58|). Q59JI. (|66]> and (|67|) to get the above inequality. Thus 
(48) 

, + p < -4<^ (* + **)- -#\ (i + 4^) (i + ™„ 

~ 2c 2 w(t ) V 7T / 7ru;(to) V erf (to) J V 2c 
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The righthand side is not positive for to > 0, by Lemmas [S] and H3 Thus 
to < 0, and 

2^'(*o) ( Triorf (to) Trm t \ /_ 1 _ nm ^ 



7rt »7'(to) V 2£'(t ) 2c 7 V 2c 

< 



1 2g'(t ) / vrW(t ) ^ 2 



4 Trior/ (t ) V 2? (to) 

1 f 2? fa) , , 2£'(t ) . ! 



4 V^oV(^o) Trior}' (t Q 

ByLemmasElandElwehave2(3-^) < ^ < |and2(|-l) < j/(i) < |p. 

3(12 -^ 2 ) < 2gfo) < 4 
8 ~ Triov'(t ) ~ 3(4 -tt)' 

Note that the function /(t) = t + t — 2 achieves it maximum on [A, B] not 
containing at an endpoint. Therefore 



1 + I2i2f)( 1 + = to 

«7 (*o) / v 2c 



<i|^— + 



4 V3(4-vr) 3(4- tt) 



Now (|48|l becomes 
(49) a + P < 

On the other hand, by Lemma |21 
(50) 



T 



w(t c 



T 



3 vr 2 /7 r 2 1153 200 (^ - ^ 2 

32 6 j 100 J 153 [-l + (l2-vr 2 )i§]y " a 



^o)>[[^---(^-^)^]^- r ; .^ 4 ^igo 1 l c = - >0 - 



Since -P£(t ) > 0, we have w(t ) > z(t ). This fact, (jMJ) and (JSUJ) imply 
that for P > 

<r + P < a, 

which is impossible. 

Therefore we have the estimate (|47|) . Now we proceed as in the proof of 
Theorem |31 We get the following 



Xd 2 > 



K 3 



tt[1 - (6 - ac 2 )}' 
17 



[1- 


1 


vr 2 
ac 2 )] d 2 ~ 


[1- 


1 

0.6255] 


7T 2 
d 2 


TT 2 




vr 2 


31 







Since 5 — ac 2 > 0.6255 by Lemma |21 we have 
A> 

and 

A>^ + 0.625a>^ + T ^(n-l)*r. 

If n = 2 then we can get even better result. 

If a = 0, then we apply Theorem|I]to get the lower bound 1 ^i + \{n — \)K. 

If a > \8, then we apply Theorem|3]to get the lower bound %z + |(n — 
l)K. 

2 

If a < ?j-5 and n = 2, then a satisfies 

(12 - vr 2 )n + vr 2 - 4 

a < . 

8ra 

Otherwise that a < ^-6, a > - — ~ n g" and 5 < ^^ would yield 

(12 - TT 2 )n + vr 2 - 4 vr 2 . vr 2 n - 1 vr 2 vr 2 (n-l) 

< a < — o < = — = . 

8n 4 ~ 4 2n 16 8n 

We do know the following opposite inequality holds for n = 2, 

(12 - vr 2 )n + vr 2 - 4 _ 20 - vr 2 ^ 2 ^ 2 (n - 1) 



8n 16 16 8n 

Therefore we may apply Theorem|5]to get the the lower bound stated in the 
theorem, which is the least of the three lower bounds. □ 

We now present a Lemma that is used in the proof of the Theorem ^ 

Lemma 3. If a < 1.535 and < a < 0.765 then 

z(t) = 1 + crj(t) + 6£(t) 

>([*- ^l-^-i^m (£-f) 2 ) c>0 

-\ [ 2 8 l 32 6 J 100 J 153 [-1 + (12 - n 2 )]§] J ' 

for t G [-it/2, 7r/2] and 

5-ac 2 ss 0.625162283437 > 0.625<5, 

where c = a/b and h > 1 is any constant and a is the constant in \45\ ). 
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Proof. By Lemmas[7J Lemma [S] and H3 the function z on [— ir/2,ir/2] has 

2 

a unique critical point ti G (— 7r/2, 0) if < a < ^-<5 and z is decreasing on 
[— 7r/2, ii] and increasing on [£i,tt/2]. Therefore 

min z = min z = z(U). 

[-n/2,7T/2] [-tt/2,0] 

So we need only consider the restricted function 2;| [_■ 7r/2 o] f° r the minimum. 

Now first consider the Taylor expansion of £ at for t G [— 7r/2, 0]. By 
Lemma El £(0) = -*£ + 1, f'(0) = and f"(0) = 2(3 - £) and £'"(£) < 
on (-tt/2,0). 

Thus 

e(t) = c(o) + e'(o) + ^ 2 + ^* 3 
>e(o) + e'(o) + ^t 2 

where £2 is a constant in (t, 0). Similarly, using the data r/(— tt/2) = —1, 
t/(-tt/2) = I; and r/"(i) > on (-tt/2,0) (actually on [-tt/2, tt/2]), and 
the Taylor expansion of ij at —tt/2, we have for £ G [— tt/2, 0], 



/ TTs // TTw ^n ^"l - ?)/ 71\9 V" ih) , 7T \ 5 



, 7T. ,. VT . . TT. ?? ( — tt) . TT.n 

> »/(- g ) + */ (" 2 )(* + 2 } + ~^! (t + 2 } 

8 . TT N 1 , 7T N r, 

V 16 3 ; V 3tt 4' 4 ' 
where £3 is some constant in (— 7r/2, £). Therefore on [— tt/2,0], 

z(t) = 1 + cr](t) + 6£(t) 

/TT 1. , TT _ sr . ,8 TT. r l ,„ TT , ., o 

> 1 )c - ( 15 + ( )c£ + — c + (3 )6 }t 2 . 

v 16 3 ; v 4 ' v 3tt 4 ; L 4 v 4 ' J 

Let i/ = 1.53 and ao = 0.765. That a < u5 implies c = a/b < v5, where 
b > 1 is a constant. Using conditions pi)) 5 < t=j± < | and a < ao, we get 
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1 


V 16 


-i,c-,: 


TT 2 

4 


1)5 


> 1 


V 16 


--)vS- 


4 


-1)5 




~ 2 


K 2 TT 2 

8 ^32 


-5) 


V 


/ 


'3 7T 2 


v 32 


§► 


\ 1 


> ( 


,2 8 


/ a 



and 

1 + CT)(t) + <Jf (t) 
/3 TT 2 ,-K 2 1. \ 1 ,8 7T N . 1 , 7T 2 ,1 . 2 

3 7T 2 .7T 2 1, . 1 ,8 TT, . 1 . 7T 2 ,l n 2 

2 8 32 b ao o7r 4 4 4 v 



o ^2 ^2 i i / 8 tt\2 

3 _ ZL _ rZL _ ivi— - ^ZIJ 

2 8 l 32 6 } J a 4[-| + (3 ^ ' 



2 N 
4 i K" 4 >ul 



/ r 3 vr 2 ,tt 2 1 ,1 (4-f) 2 \ 

V 2 8 32 6 a [-1 + (12 - -k 2 )±]J 

Let r be the constant in (|46|). Then 

2 TC 



<7C 



8 V32 6^00 [-l+(12-7r 2 )i]; 



< — g— — — — « 0.3748375165635 

3 ** ( ^ 1^,1 1 _ (-|-f) 2 



_ ZLl _ (Hi _ AW 

2 8 ^32 6^Jao [-1+(12-tt 2 )±] 



and 



5-ac 2 > 0.6255. 

□ 



20 



Theorem 5. If < a < ^5 and a < - — ~ n g^ — = , then under the con- 
ditions in Theorem^\the first non-zero (closed or Neumann, which applies) 
eigenvalue has the following lower bound 

A> £ + £(„-!)*, 

where 



< 51 > "- » - J^tt) G^rby + ^ - 2 1 " < a765 ' ' ' » > 3 ' 4 - 



Proof. The proof is similar to that of Case (II)-b-2 in the proof of Theorem 
Clearly, we have c < \-5, where c = a/b with constant b > 1. Let 



2 = 1 + en + (5 — ac )£ on [— sin T>sin -], 

where £ and 77 are functions defined in (|57|) and (|65|) respectively, r is the 
constant in l)46JI and 



,2 



_[l_ c _(^_l )5 ] + A /[l_ c _(^_l )( 5]2 + 4 ( ^_i) TC 2 
(52) 5- = 



2(£ - 1) C 2 



We prove that 



Z(t) < z(t) on [—sin l rj sm : t]- 

If it is not true, then there exists a constant P > and to such that 

, _ Z(t ) - z(t ) Z(t) - z(t) 

re — — -. — - — max . 

-£(*0) ie[-sin-4,sin-4] -i{t) 

Let I = {- sin" 1 ^sin" 1 ±] and w(t) = z{t) - Pc 2 £(t) = 1 + cn(t) + m£(i), 
where m = 5 — ac 2 — Pc 2 . Then 

(53) Z(t) < w(t) on I and Z(t ) = w{t ). 

We want to show that w(to) > 0. In order to do that, we now show that 
m > first. 

Lemma 4. Z(t) < 1 + crj(t) on [— sin" 1 psin -1 t\. 
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Proof of LemmaU\ If it is not true, then there exist to an d constant P 
such that P = Z(t )-[l + cr](t )} = max(Z(t) - [1 + cr?(t)]). Thus l + crj+P 
satisfies the inequality in Corollary 1 of the Theorem [2J Therefore 

1 + r)(t ) + P = Z(t ) 

< ■^(l + ^ + -f > )"(*o)cos 2 t - (l + r? + -P) / (to)cost sinto + l + csinto -25cos 2 t 

= -r/"(to)cos to — v'(to) cos to sin to + 1 + c sin to — 25 cos to 

= 1 + 7?(t ) -25 cos 2 1 
<l + r?(t ). 

This contradicts the assumption P > 0. The proof of the lemma is com- 
pleted. □ 

Lemma implies that w(to) = 1 + cr/(to) + m£(to) = Z{to) < 1 + crj(to). 
Thus m^(t ) <0 and m = 5- ac 2 - Pc 2 > 0. 

We now show that u>(to) > 0. By the fact m > 0, Lemmas and El we 
have 

IT 2 

w(t) > l-c-(—-l){5-ac 2 -Pc 2 ) 

> l-c-(^-l)8 + (^-l)(ac 2 + Pc 2 ) 
(54) > i- c -^-i)S + (^-l)ac 2 >l-c-(^-l)S. 

We claim that if a < - — -7r i" ~ then 

TT 2 

w(t) >l-c-(—-l)8>0. 

In fact, (|S1, dHJ, and a < (12 ~ 7r ^" +7r2 ~ 4 imply that 

w(t) >l- c -(!j-l)6>l-a-Cj-l)S 

> _ (12 - vr 2 )n + tt 2 - 4 _ V _ n-1 = 

8n { 4 } 2n ' 

Therefore w(t) > and a > 0. Now (|53|) and the fact w(to) > imply 
that w satisfies (|25|) in Theorem |2J So 

2 2. w'(i ) . /8c 



< — 2(a + P)c cos t — : — -, — r cos to — cos t + 4mt cos t , 

4w(t ) V TT 
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where we used (|58|). (|59|1. (|55|l and (foT|) to get the above inequality. Thus 

(55) 

~ 2c 2 w(t ) V vr y TTw(t ) V cr?'(t ) / V 2c U 

The righthand side is not positive as to > 0, by Lemmas El and H3 Thus 
to < 0. It is showed in the proof of Case (II)-b-2 of the proof of Theorem ^ 
that 



1 + ^(tolJ I 1 + ^ t0 



Therefore (|55|) becomes 



^1/4 3 o ( 

- 4 V3(4-vr) + 3(4 - vr) " ' ' 



(56) a + P < 



T 



w(t ) 
Now taking (|51)l into (|56|). we get 



a + P < —— < 5 5 = O". 

" W (t ) - 1 _ c _ (£ _ 1)J + (£ _ l)cr C 2 

This contradicts P > 0. The last equality is due to the fact that a is the 
positive solution of the quadratic equation 

_ r + (1 _ c)d _ i± _ 1)^ + (^ _ 1)^,2 = 

Therefore 

Z(t) < z(t) = 1 + crj(t) + (5- ac 2 )£. 

Note that \JA + B < VA + \[~B. By the conditions c < ^5 and 1 - c- 
(x ~~ 1 )^ > °> we nave 



-[1 - c- {\ - 1)5] + J[l - c- (£ - l)d]» + 4(f - l)r C 2 

<7C^ = * j 

2(£-l) 



<V( y- 1)T< ^ Vtf - 1)T ^ 

- (Zf_l) - (£-1) 2 V^ 2 ' 

and 

r 2 



''"^-^"tV^^"'" 1 
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where /i is the constant in (|51|) . Proceeding further as in the proof of The- 
orem El we get 

~ 1 - (5 - ac 2 ) d 2 ~ 1 - fiS d 2 

and 

vr 2 



A > -pr + net. 
d z 



U 



4 Functions 

We study the functions that are used for the construction of the test func- 
tions. 

Lemma 5. Let 

, . , . cos 2 1 + 2£ sin t cos t + t 2 - \ . ir -k . 

(5?) m = ^ i- on [--,-]. 

Then the function £ satisfies the following 

(58) -£"cos 2 £-£'costsin£-£ = 2cos 2 £ in (--,-), 

7T 7T 

(59) £'cosi - 2£sin£ = 4tcost in ( ,-), 



(60) J't(t)dt = ~ 



/o ^ 2' 

1 - ^ = £(0) < £(t) < £(±|) = on [-11], 

d ■ ■ • r ^ ^i a £U-l 7T \ _L 2vr 
^ is increasing on { , —J ana £ (±— ) = ± — , 

£'(£) < on (-^, 0) and £'(*) > on (0, | ), 
?(±1) = 2, C"(0) = 2(3 - ^) and *"(*) > on [-1,1], 
(£12)' > on (0,tt/2) and 2(3-—) < £1^ < - on [--,-], 
r(|) = |r, £'"(*) < on (-|,0) and £'"(*) > on (0, 1 ). 
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Proof. For convenience, let q(t) = £'(£), i- e., 

, s ,, ., s 2(2tcost + t 2 smt + cos 2 tsint- E r smt) 
(61) q(t) = £'(t) = -i 



cos 



*t 



Equation flU and the values f(±§) = 0, f (0) = 1 - \ and £'(±§) = ±4f 
can be verified directly from l(oTj) and (|6*Tj) . The values of £" at and ±f 
can be computed via (jSHJ). By (J5U)) . (£(£)cos 2 £)' = 4tcos 2 t. Therefore 
£(£) cos 2 t = J* 4s cos 2 s ds, and 

7T 7T 7T / 7T \ 

/ 2 £(£) dt = 2 / 2 f (t) dt = -S I I ^-- / 2 s cos 2 s ds ) dt 

J -I h h ^cos^t) J t J 

— / \ — 

8 / ( / ^— — (it I s cos 2 s ds = — 8 / s cos s sin s ds = — it. 



/o Vo cos 2 (t) / j 

It is easy to see that q and q' satisfy the following equations 

(62) —q" cos t — 2q' sin t — 2q cos t = —4 sin t, 



and 



cos 2 t , , x „ 2 cost sin t 



(63) , \ A q')" ~ 7 (q'Y ~ 2(q') = ^-=-. 

V 7 2(1 + cos 2 i) W 7 1 + cos 2 t K ' K ' 1 + cos 2 t 

The last equation implies q' = £" cannot achieve its non-positive local min- 
imum at a point in (— f, \ )■ On the other hand, £"(±f ) = 2, by equation 
(j58|) . f(±§) = and £'(±§) = ±4p Therefore f"(t) > on [-f , f ] and £' 
is increasing. Since £'(£) = 0, we have £'(£) < on (—5,0) and £'(£) > on 
(0, |). Similarly, from the equation 

cos 2 t /y/V/ _ cos t sin f (3+2 cos 2 t) / ;/y _ 2(5 cos 2 f+cos 4 t) / n\ 
2(l+cos 2 t)W J (1+cos 2 *) 2 W J (1+cos 2 t) 2 W I 

(ca\ 8 cost sin t 

\ m > ~ ~ (1+cos 2 t) 2 

we get the results in the last line of the lemma. 

Set h(t) = £"(t)t - ?(t). Then h(0) = and ti{t) = £"{t)t > in 
(0, § ). Therefore (£&)' = ^ > in (0, f ). Note that ^- = &&, 

^r\t=o = f"(0) = 2(3 - *£) and ^| i=7r /2 = f • This completes the proof 
of the lemma. □ 
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Lemma 6. Let 

, . , . -=t + ^ cost sin i — 2sin£ r it tt n 

(65) "'"= <"■ l-2-jl- 

Then the function n satisfies the following 

(66) — 77 cos £ — 77 cost sin £ — r\ = — sin £ in ( , — ), 

. . ■ 8 TT TT 

(67) 77 cos£ — 2nsin£ = — cos£ — 2 in ( , — ), 

TT 2 2 

, 7T. . . ,71". r 7T 7T . 

-l = r ? (--)<r ? (£)<r ? (-) = l on h^], 

/ 4 „ . . . ... / , 7T. 8 r 7T7r 

< 2 - 1) = t/0 < r?'(£) < t/(±~) = — on [--, - 

TT 2 OTT 2 2 

- 1/2 = r]\-\ ) < V "(t) < n"C-) = 1/2 on [-|,|], 

t/"(£)>0 on [ * £] and t/"(±| ) = ™ 
2 2 2 Iott 

Proof. Let p(t) = ?/(£), i.e., 

2(^ cos £ + -£ sin £ - sin 2 £ - 1) 



5 o J ' 



(68) p(£) = rj'(t) 



cos 



3 £ 



Equation ©, 7?(±f ) = ±1, t/(0) = 2(| - 1) and 7/'(±f ) = Jp can be 
verified directly. We get 77" (±§) = ±1/2 from the above values and equation 
1)66(1 . By (|66[) . q = f]' , q' = n" and p" = n w satisfy the following equations 
in(-f,f) 

(69) -p" cos £ — 2p' sin t — 2p cos £ = — 1 , 

cos 2 £ ,„ 2 cos £ sin £ „ , sin £ 



and 



(70) 



2(1 + cos 2 1) 1 l + cos 2 r " l + cos 2 £' 



cos 2 t ^A// _ cost sin t(3+2 cos 2 f) r ll\l _ 2(5 cos 2 t+cos 4 i) fin ii\ 
2(l+cos 2 1) \P I (1+cos 2 t) 2 VP J (1+cos 2 ty \P I 

cos t(2+sint) 
~ ~~ (l+cos 2 t) 2 - 



The coefficient of (p") in (|7U() is obviously negative in (— f , f ) and the right- 
hand side of ((70)) is also negative. So p" cannot achieve its non-positive 
local minimum at a point in (—§,§)• On the other hand, p"(f ) = j^ > 
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(see the proof below), p"(t) > on [— §, f ]. Therefore p' is increasing and 
-1/2 = p'(-f) < p'(t) < p'(§) = 1/2. Note that p'(0) = (p' is an odd 
function). So p'(t) > on (0,^) and p is increasing on [0, f ]. Therefore 
2(4/vr - 1) = p(0) < p(t) = n'(t) < p(§) = A on [0, f ], and on [-§,§] 
since p is an even function. We now show that p(^) = Jp, p'(f ) = 1/2 and 
p"(f ) = Ar- The first is from a direct computation by using (|68j) . By Q66JI . 

1 , 7r 1 „ 7r r/(t) cost sin t + 77(t) -sint 1 r 7 , / tt 

~P (o) = o 7 ? (o = llm 2l = -o W (n - 1 • 

2 2 2 2 t— >£- cos z t 2 2 

1 2 

So p'(f ) = 1/2. Similarly, by ©, 

1 ...7T. 2p'(t)sini — 1 „ ,7T. ,..7T. 16 

~p"(-) = hm -^-^ h 2p(-) = -2p"(-) H 

2^ V t-f- cost V F V 3vr 

Thusp"(f) = f F . □ 



Lemma 7. T/ie function r(t) = £'(t)/r/(t) is an increasing function on 
[-§ , f ], i.e., r'(t) > 0, and \r(t)\ < £ holds on [-§, § ]. 



Proo/. Let p(t) = r?'(t) as in I® and g(t) = £'(t). Then r(i) = q(t)/p(t). 
It is easy to verify that r(±§) = ±^. Bv (jM)) and (j^ . 

(l/2)p(t)r" cos t + (p'(t) cos t - 2p(t) sin t)r' - r = -4 sin t. 

Differentiating the last equation, we get 

[|p(t) cos t](r')" + [§p'(t)cost- §p(t) sin t](r')' 
+ [p"(i) cos t-3p'(t) sin t-2p(t) cost- l](r') = -4 cost. 

Using (|69|) . the above equation becomes 

[±p(t) cos t](r')" + [|p'(t)cost- §p(t) sin t](r')' 
(71) + [p'(t)sint + 2p(t)cost-3](r') = -4 cost. 

The coefficient of (r') in (|TTj) is negative, for p'(t) sint + 2pcost — 3 < \ + 
or — 3 < 0. This fact and the negativity of the righthand side of (|71|) in 
(—■§,§) imply that r' cannot achieve its non-positive minimum on [—§,§] 
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at a point in (— §, §). Now 
lim r (t) 



lim s(t) cos t/(— cosiH — t sin t — sin £ — 1) 

C 2 

lim [s(t)/ cos 4 ] /[(- cost + -tsini - sin 2 t - l)/cos 3 t] 2 

C 2 

lim [ S (t)/cos 4 t]/[^'(i)] 2 



'-"-)/(-) 2 



> 0, 



where 



4 2 2 12 2 8 . 
s(£) = — t —t costH cos t -\ — isinrcost 

7T 7T 7T 

7T 2 

— cos £ sin t + ( 3) cos t — it + At sin £. 

4 

Therefore r'(t) > and r is an increasing function on [— ^, ^]. □ 

References 

[1] I. Chavel, Eigenvalues in Riemannian Geometry, Academic Press, 
Orlando, Florida, 1984. 

[2] H. Escobar, Uniquness theorems on conformal deformation of metrics, 
Sobolev inequalities, and an eigenvalue estimate, Coram. Pure Appl. 
Math.43(1990), no. 7, 857883. 

[3] P. Li, Lecture Notes on Geometric Analysis, Lecture Notes Series, #6, 
Seoul National University, Seoul, Korea. 

[4] P. Li and A. Treibergs, Applications of Eigenvalue Techniques to Geom- 
etry, H. Wu, editor, Contemporary Geometry: J. Q. Zhong Memorial 
Volume Plenum, 21-52, 1991. 

[5] P. Li and S. T. Yau, On the Schrodinger equation and the eigenvalue 
problem, Comm. Math. Phys, 88(1983), 309-318. 



28 



[6] P. Li and S. T. Yau, Estimates of eigenvalues of a compact Riemannian 
manifold, AMS Proc. Symp. Pure Math., 36(1980), 205-239. 

[7] A. Lichnerowicz, Geometrie des groupes de tansformations, Dunod, 
Paris, 1958. 

[8] J. Ling, A lower bound for the gap between the first two eigenvalues of 
Schrodinger operators on convex domains in S n or R n , Michigan Math. 
J., 40(1993), 259-270. 

[9] J. Ling, A bound for the first fundamental gap, Ph.D. Dissertation, 
State University of New York at Buffalo. 

[10] J. Ling, Estimates on the lower bound of the first gap, Preprint, 2004. 

[11] J. Ling, A lower bound of the first Dirichlet eigenvalue of a compact 
manifold with positive Ricci curvature, Preprint, 2004. 

[12] R. Schoen, and S. T. Yau, Lecture Notes on Differential Geometry, 
Conference Procedings and Lecture Notes in Geometry and Topology, 
Vol 1, International Press, 1994. 

[13] D. Yang, Lower bound estimates on the first eigenvalue for compact 
manifolds with positive Ricci curvature, Pacific Journal of Mathemat- 
ics, 190(1999), 383-398. 

[14] S. T. Yau, editor, Problem Section, Seminar on Diff. Geom., Princeton 
University Press, Princeton, 1982. 

[15] J.-Q. Zhong and H. C. Yang, On the estimate of the first eigenvalue 
of a compact Riemannian manifod, Sci. Sinica, Ser. A 27, (1984), 
1265-1273. 

Department of mathematics, Utah Valley State College, Orem, Utah 
84058 

E-mail address: lingju@uvsc.edu 



29 



